The degree pattern of a finite group is the degree sequence of its prime graph in ascending order of vertices. We say that the problem of OD-characterization is solved for a finite group if we determine the number of pairwise nonisomorphic finite groups with the same order and degree pattern as the group under consideration. In this article the problem of OD-characterization is solved for some simple unitary groups. It was shown, in particular, that the simple unitary groups U 3 (q) and U 4 (q) are OD-characterizable, where q is a prime power < 10 2 .
In recent years, a special attention has been paid toward the problem of OD-characterization of simple and almost simple groups. Table 8 at the end of this article lists simple groups which are currently known to be OD-characterizable or quasi OD-characterizable. In particular, a list of finite simple unitary groups, for which the OD-characterization problem is solved, is given in Table  8 . Based on the results summarized in that table, we see that h(U 3 (3)) = 1 ( [29] ), h(U 3 (4)) = 1 ( [42] ), h(U 3 (5)) = 1 ( [43] ), h(U 3 (8)) = 1 ( [42] ), h(U 3 (17)) = 1 ( [21] ), h(U 3 (q)) = 1 where q > 5 is a prime power with |π((q 2 − q + 1)/(3, q + 1))| = 1 ( [26] ), h(U 4 (2)) = 2 ( [17, 46] ), h(U 4 (3)) = 1 ( [29] ), h(U 4 (4)) = 1 ( [21] ), h(U 4 (5)) = 1 ( [2] ), h(U 4 (7)) = 1 ( [5] ), h(U 4 (8)) = 1 ( [17] ), h(U 4 (17)) = 1 ([17] ).
In this article, we study the OD-characterization problem for the simple unitary groups U 3 (q) and U 4 (q). In particular, we prove that the simple groups U 3 (q) for q = 31, 37, 43, 47, 49, 59, 61, 64, 73, 89 and 97, and U 4 (q) for q a prime power, 9 q 97, are OD-characterizable. Combined with the above known results, this indicates that the following theorem is valid.
Theorem. The simple unitary groups U 3 (q) and U 4 (q), with q < 10 2 , are OD-characterizable.
A few words about the contents. In this article the word graph will mean a finite simple undirected graph. The sets of vertices of a graph Γ will be denoted by V (Γ), and deg Γ (v) (where v ∈ V (Γ)) will denote the degree of the vertex v in Γ. The maximum degree of Γ, denoted by ∆(Γ), and the minimum degree of Γ, denoted by δ(Γ), are the maximum and minimum degree of its vertices. Given a group G, for the sake of convenience, we write δ(G) = δ(GK(G)) and ∆(G) = ∆(GK(G)). For a prime p, we denote by S(p) the set of nonabelian finite simple groups G such that p ∈ π(G) ⊆ {2, 3, 5, . . . , p}. The r-part of a natural number n means the largest power of a prime r dividing n. We will often write n (r) for the r-part of n. Denote by s(G) the number of connected components of GK(G) and by π i = π i (G), i = 1, 2, . . . , s(G), the ith connected component of GK(G). If G is a group of even order, then we put 2 ∈ π 1 (G). Denote by ω i (G) a set consisting of n ∈ ω(G) such that every prime divisor of n lies in π i (G). It is now easy to see that the order of a group G can be expressed as a product of some coprime natural numbers m i (G), i = 1, 2, . . . , s(G), with π(m i ) = π i (G), where π(m i ) signifies the set of all prime divisors of m i . The numbers m 1 , . . . , m s(G) are called the order components of G.
The sequel of this article is organized as follows. In Section 2, we give several auxiliary results to be used later. In Section 3, we recall some basic results on certain finite simple groups, especially, on their spectra. Section 4 is devoted to the arithmetical structure of unitary simple groups U n (q). Finally, the conclusions are discussed in Sections 5 and 6.
Preliminaries
The concept of the prime graph was first introduced by Gruenberg and Kegel. During their study on prime graph, they showed that a finite group with disconnected prime graph is either a Frobenius group or a 2-Frobenius group, or has a unique nonabelian composition factor with disconnected prime graph. This result is published by Williams in [33] . 2, there exists a simple group P such that P G/K Aut(P ) for some nilpotent normal π 1 (G)-subgroup K of G, and G/P is a π 1 (G)-group. Moreover, GK(P ) is disconnected, s(P ) s(G), and for every 2 i s(G), there exists 2 j s(P ), such that ω i (G) = ω j (P ).
A clique of a graph is a set of mutually adjacent vertices, that is, its induced subgraph is complete. In [30] , Suzuki studied the structure of the prime graph of a simple group, and showed that all connected components of a disconnected prime graph are cliques, except the first connected component. Proposition 2.2 (Suzuki) ( [30] , Theorem B) Let P be a finite simple group with s = s(P ) > 1. Then, the connected components π 2 (P ), π 3 (P ), . . . , π s (P ) are cliques. Now, suppose G is an arbitrary group. Then, Propositions 2.1 and 2.2 show that the prime graph of a group G has the following structure:
where
It follows from Eq. (1) that:
, and
Hence, the degree sequence of the prime graph GK(G) of G contains n i times the degree n i − 1, 2 i s, and |π 1 (G)| vertices of degree at most |π 1 (G)| − 1. Following [3] , for an integer m 0, we define:
Since GK(G) is a simple graph, 0 m |π(G)| − 1. Some information on the degree pattern of G can be obtained immediately through the number of elements in D m (G) for some m. For instance, we have:
(1) m = 0. Clearly, p ∈ D 0 (G) if and only if {p} is a connected component of GK(G), so |D 0 (G)| s(G) 6 (see [33] ).
Finally, an immediate consequence of Eq. (1) is the following.
Generally, in a graph a set of vertices is independent if no two vertices in the set are adjacent. The independence number α(Γ) of a graph Γ is the maximum cardinality of an independent set of vertices in Γ. Given a group G, we put t(G) = α(GK(G)) and denote by t(r, G) the maximal number of prime divisors of G containing r that are pairwise nonadjacent in GK(G).
Lemma 2.4 ([31])
Let G be a group with t(G) 3 and t(2, G) 2, and let K be the maximal normal solvable subgroup of G. Then, there exists a simple group P such that P G/K Aut(P ).
Lemma 2.5 Let G be a finite simple group of Lie type. Suppose that r ∈ π(G) ⊆ π(U 4 (q)), where q is a prime power, and r and q satisfy one of the following conditions. Then G is isomorphic to one of the following simple groups in each case:
(2) q = 59, r = 1741 : L 2 (59 2 ), B 2 (59), U 4 (59). Proof. Since the proofs of (1)- (8) are similar, only the proof for (1) is presented. Suppose that G = L(q ′ ) is a finite simple group of Lie type over the finite field of order q ′ = p n , where p is a prime and n is a natural number, such that 1201 ∈ π(G) ⊆ π(U 4 (49)) = {2, 3, 5, 7, 13, 181, 1201}. Since p ∈ π(G) ⊆ {2, 3, 5, 7, 13, 181, 1201}, we consider three cases separately.
(1) p ∈ {2, 3, 5, 13, 181}. If p = 2, then one can easily check that the order of 2 modulo 1201 is 300, and the least integer k for which 2 k + 1 ≡ 0 (mod 1201) is 150. Thus, if 1201|2 k − 1 (for which 2 k − 1 divides |G|), then k must be a multiple of 300. Thus, in view of the list of the groups of Lie type together with their orders (see [9] ), no candidates for G will arise. Similarly, for p ∈ {3, 5, 13, 181} we do not get a group.
(2) p = 7. In this case, the order of 7 modulo 1201 is 8, and the least integer k for which 7 k + 1 ≡ 0 (mod 1201) is 4, and similar consideration will give the groups G = L 2 (7 4 ), B 2 (7 2 ) and U 4 (7 2 ).
(3) p = 1201. In this case q ′ must be a power of 1201 and again we do not get a group.
The lemma is proved.
Let Γ be a simple graph with vertex set
is called the degree sequence of Γ. A nonnegative sequence of integers (x 1 , x 2 , . . . , x n ) is said to be graphic if there exists a graph Γ with D(Γ) = (x 1 , x 2 , . . . , x n ), and then the graph Γ is called a realization. Two graphs with the same degree sequence are said to be degree equivalent. For example, the prime graphs GK(U 4 (71)) and GK(U 4 (79)) are degree equivalent (see Table 6 ). The following result is immediate.
is not graphic, then v i and v j are nonadjacent in Γ.
Proof. Assume the contrary and let C 1 , C 2 , . . . , C s be the connected components of Γ, where s 2. Let p ∈ C i be a vertex of degree ∆(Γ). This forces |C i | |∆(Γ)| + 1. Since Γ is disconnected, we may choose q ∈ C j for j = i. Then, we have
and this is a contradiction.
Lemma 2.8 Let u, v be two nonadjacent vertices of a graph
Proof. This follows immediately from the pigeonhole principle.
3 The Structure of U n (q)
We collect here some information about the unitary groups over a finite field. The general unitary group GU n (q) is defined as
which is a subgroup of GL n (q 2 ). HereĀ denotes the matrix obtained from A by raising each entry to the qth power. The special unitary group SU n (q) is the subgroup of all matrices in GU n (q) with determinant 1. The orders of GU n (q) and SU n (q) are, respectively,
The center Z of SU n (q) is the set of scalar matrices λI for which both λ n = 1 and λ q+1 = 1.
There are exactly d = (n, q + 1) such λ in F q 2 , and so the subgroup Z has order d. The quotient PSU n (q) = SU n (q)/Z is called the projective special unitary group, sometimes written by U n (q), and its order is
The projective special unitary group U n (q) is usually a simple group, however the exceptions are U 2 (2), U 2 (3) and U 3 (2). It is a standard result that the groups U 2 (q) and L 2 (q) are isomorphic. (1)
for all n 1 , n 2 > 0 such that n 1 + n 2 = n,
for all k, n 1 > 0 such that p k−1 + 1 + n 1 = n, and where d = (n, q + 1),
Proof. See Corollary 3 in [8] .
From now on, we will concentrate on the simple unitary groups U 3 (q) and U 4 (q). We list now a few immediate consequences of Theorem 3.1.
Corollary 3.2 (see also [6, 10, 26, 37] ) Let q be a power of a prime p. Then
Corollary 3.3 (see also [39] ) Let q be a power of an odd prime p. Denote d = (4, q + 1). Then µ(U 4 (q)) contains the following (and only the following) numbers: Corollary 3.4 Suppose that q = 2 n with n a natural number. If n = 1, then µ(U 4 (2)) = {5, 9, 12}, while if n 2, then µ(U 4 (q)) = (q − 1)(q 2 + 1), q 3 + 1, 2(q 2 − 1), 4(q + 1) .
The prime graph GK(U 3 (q)) has two connected components (see [15, 33] ): π 1 (U 3 (q)) = π(p(q 2 −1)) and π 2 (U 3 (q)) = π (q 2 − q + 1)/d , where d = (3, q + 1). Moreover, the prime graph GK(U 4 (q)) has one connected component in all cases except the two particular cases q = 2, 3. In fact, we have π 1 (U 4 (2)) = {2, 3} and π 2 (U 4 (2)) = {5}, while π 1 (U 4 (3)) = {2, 3}, π 2 (U 4 (3)) = {5} and
If n is a nonzero integer and r is an odd prime with (r, n) = 1, then e(r, n) denotes the multiplicative order of n modulo r, i.e., a minimal natural number k with n k ≡ 1 (mod r). Given an odd integer n, we put e(2, n) = 1 if n ≡ 1 (mod 4), and e(2, n) = 2 if n ≡ 3 (mod 4). Fix an integer n with |n| > 1. A prime r with e(r, n) = i is called a primitive prime divisor of n i − 1. We write r i (n) to denote some primitive prime divisor of n i − 1, if such a prime exists, and R i (n) to denote the set of all such divisors. Instead of r i (n) and R i (n) we simply write r i and R i if it does not lead to confusion. Bang [7] and Zsigmondy [47] proved that primitive prime divisors exist except for a few cases 1 .
1 In fact, Bang [7] proved in 1886 that n i − 1 has a primitive prime divisor for all n 2 and i > 2 except for n = 2 and i = 6. Then, Zsigmondy [47] proved in 1892 that for coprime integers a > b 1 and i > 2, there exists a prime r dividing a i − b i but not a k − b k for 1 k < i, except when a = 2, b = 1, and i = 6.
Theorem 3.5 (Bang-Zsigmondy). Let n and i be integers satisfying |n| > 1 and i
Following [38] , we represent the prime graph GK(G) in a compact form. By a compact form we mean a graph whose vertices are labeled with sets U i . A vertex labeled U i represents the complete subgraph of GK(G) on U i . An edge joining U i and U j is a set of edges of GK(G) connecting each vertex in U i to each vertex in U j . When U i is a singleton (e.g. {s}), we will often write s instead of {s}. Figures 1-3 , for instance, depict the compact forms of the prime graphs of the simple unitary groups U 3 (q), with q = p n . Here, Fig. 3 . The diagram of a compact form for GK(U3(3 n )).
Similarly Fig. 4 . The compact form of GK(U 4 (q)) where q = p n and (q + 1) (2) = 4. In Tables 1-3 , we have determined the degrees of vertices of the prime graph GK(U 3 (q)) and GK(U 4 (q)). For convenience, we write q) ), where q = p n is odd. Table 3 . The vertex degrees of GK(U 4 (q)), where q = p n .
Restrictions on q
2 p v ∈ R 1 \ {2} v ∈ R 2 \ {2} v ∈ R 6 v ∈ R 4 (q + 1) (2) = 4, 2 ∤ q |R 1,2,4 | |R 1,2 | |R 1,2,4 | |R 1,2,6 | |R 2,6 | − 1 |R 1,4 | − 1 (q + 1) (2) = 4, 2 ∤ q |R 1,2 | |R 1,2 | |R 1,2,4 | |R 1,2,6 | |R 2,6 | − 1 |R 1,4 | − 1 (q + 1) (2) = 4, 2|q |R 1,2 | |R 1,2,4 | |R 1,2,6 | |R 2,6 | − 1 |R 1,4 | − 1
OD-Characterization of 3-Dimensional Unitary Groups
As pointed out in the introduction, in [26] it has been proved that if q > 5 is a prime power satisfying |π((q 2 − q + 1)/(3, q + 1))| = 1, then h(U 3 (q)) = 1. For instance, when q < 10 2 is a prime power we can find the following values q ∈ {7, Before we start the proof of Theorem 4.1 we need some facts on these 3-dimensional unitary groups. Fist of all, we note that
where d = (3, q + 1). For the convenience of the reader, we have listed the orders and degree patterns of simple unitary groups U 3 (q) for q ∈ {31, 37, 43, 47, 49, 59, 61, 64, 73, 89, 97} in Table 4 . Table 4 . The order and degree pattern of some simple unitary groups.
We will also use the following lemma in [1] .
Lemma 4.2 Let G be a finite group with n = |π(G)| and let
Proof of Theorem 4.1. Suppose G is a finite group satisfying the following conditions:
where q ∈ {31, 37, 43, 47, 49, 59, 61, 64, 73, 89, 97}. Let
| be the degrees of vertices of GK(U 3 (q)). Using Table 5 , in all cases, we see that 4.2, t(G) 3. Moreover, in all cases, t(2, G) 2 because d G (2) < |π(G)| − 1. Thus, by Lemma 2.4, there exists a simple group P such that P G/K Aut(P ), where K is the maximal normal solvable subgroup of G. Note that |P | divides |G|, and so P ∈ S(p), where p = max π(G). In the following, we will prove that P ∼ = U 3 (q), which implies that K = 1 and since |G| = |U 3 (q)|, G is isomorphic to U 3 (q), as required. in GK(U 3 (q) ) for some q. We only consider two cases q = 31 and q = 61, and the other cases go similarly. (a) q = 31. We distinguish two cases separately.
(1) Assume first that 7 ∼ 19 in GK(G). In this case we immediately imply that the prime graphs of G and U 3 (31) coincide (see Fig. 6 ). Since GK(G) = GK(U 3 (31)), the hypothesis |G| = |U 3 (31)| implies that OC(G) = OC(U 3 (31)). Now, by the Main Theorem in [12] , G is isomorphic to U 3 (31), as required.
(2) Assume next that 7 ≁ 19 in GK(G). In this case, we will show that |P | is divisible by 7 2 · 19. Let {r, s} = {7, 19}. We first claim that K is a {7, 19} ′ -group. If {7, 19} ⊆ π(K), then a Hall {7, 19}-subgroup of K would be an abelian group. Hence 7 ∼ 19 in GK(K), and so in GK(G), which is a contradiction. Suppose now that r ∈ π(K), s / ∈ π(K) and T ∈ Syl r (K). By the Frattini argument, G = KN G (T ). This shows that the normalizer N G (T ) contains an element of order s, say x. Then, T x is an abelian subgroup of G, which leads to a contradiction as before. Thus K is a {7, 19} ′ -group, as claimed. Obviously this forces that |Aut(P )| is divisible by 7 2 · 19. On the other hand, by [14, Corollary 2.6], Out(P ) is also a {7, 19} ′ -group, which implies that |P | is divisible by 7 2 · 19. Considering the orders of simple groups in S(31), we conclude that P is isomorphic to U 3 (31), and so K = 1 and since |G| = |U 3 (31)|, G is isomorphic to U 3 (31). But then GK(G) = GK(U 3 (31)) is disconnected, which is impossible.
(b) q = 61. Again we consider two cases separately.
(1) Assume first that 7 ∼ 523 in GK(G). In this case, the group G and the simple unitary group U 3 (61) have the same prime graph (see Fig. 7 ). Since |G| = |U 3 (61)| we conclude that OC(G) = OC(U 3 (61)). Now, by the Main Theorem in [12] , G is isomorphic to U 3 (61), as required.
(2) Assume next that 7 ≁ 523 in GK(G). In the sequel, we will show that |P | is divisible by 7 · 523. Let {r, s} = {7, 523}. We first claim that K is a {7, 523} ′ -group. If {7, 523} ⊆ π(K), then a Hall {7, 523}-subgroup of K would be a cyclic group. Hence 7 ∼ 523 in GK(K), and so in GK(G), which is a contradiction. Suppose now that r ∈ π(K), s / ∈ π(K) and T ∈ Syl r (K). By the Frattini argument, G = KN G (T ). This shows that the normalizer N G (T ) contains an element of order s, say x. Then, T x is an abelian subgroup of G, which leads to a contradiction as before. Thus K is a {7, 523} ′ -group, as claimed. Obviously this forces that |Aut(P )| is divisible by 7 · 523. On the other hand, by [14, Corollary 2.6], Out(P ) is also a {7, 523} ′ -group, which implies that |P | is divisible by 7 · 523. Considering the orders of simple groups in S(61), we conclude that P is isomorphic to U 3 (61), and so K = 1 and since |G| = |U 3 (61)|, G is isomorphic to U 3 (61). But then GK(G) = GK(U 3 (61)) is disconnected, which is impossible. 
OD-Characterization of 4-Dimensional Unitary Groups
As mentioned in the introduction, it was already known that h(U 4 (q)) = 1 for q = 3, 4, 5, 7, 8, and 17 (see [2, 5, 17, 21, 29] ), while h(U 4 (2)) = 2 ( [17, 46] ). For the simple unitary groups U 4 (q), with 9 q 97, we have determined their orders and degree patterns in Table 6 . The principal aim of this section is to argue for the validity of the following theorem.
Theorem 5.1
The simple unitary group U 4 (q) for a prime power 9 q 97 is OD-characterizable.
Proof. Suppose that G is a finite group such that:
where q is a prime power with 9 q 97 and d = (4, q + 1). Using Table 6 , in all cases, we see that ∆(G) + δ(G) |π(G)| − 1, and hence by Lemma 2.7, GK(G) is connected. Moreover, in all cases, t(2, G) 2 because d G (2) < |π(G)| − 1. We now claim that t(G) 3. To prove this, we consider the following cases: 
| be the degree sequence of the prime graph GK(G). In all cases, Table 6 shows that 
Using Lemma 2.6 together with several computations, we conclude that p and q are nonadjacent in GK(G). Since
Thus, by Lemma 2.4, there exists a simple group P such that P G/K Aut(P ), where K is the maximal normal solvable subgroup of G. Note that |P | divides |G|, and so P ∈ S(t), where t is the largest prime dividing |G|. In what follows, we will prove that P ∼ = U 4 (q), which implies that K = 1 and since |G| = |U 4 (q)|, G is isomorphic to U 4 (q), as required.
We distinguish two cases separately: As before, one can show that K is a {41, 73} ′ -group, and so {41, 73} ⊆ π(P ). Moreover, since t = 73 and π(P ) ⊆ π(G), we obtain |P | = 2 α · 3 β · 5 γ · 41 · 73, where 2 α 12, 0 β 2 and 0 γ 3. Now, by considering the orders of simple groups S(73) (see [40] ), we observe that the only possibility for P is U 4 (9).
(2) q ∈ {49, 59, 61, 67, 71, 79, 81, 83}. Let q = 49. In this case, we have |G| = 2 11 · 3 2 · 5 6 · 7 12 · 13 · 181 · 1201 and D(G) = (4, 4, 5, 3, 2, 2, 2). Let π = {r, s, t} = {13, 181, 1201}. We claim that K is a π ′ -subgroup of G. If π ⊆ π(K), then a Hall π-subgroup of K is abelian, and so 13 ∼ 181 ∼ 1201 ∼ 13 in GK(G). This shows that π is a connected component of GK(G), which is a contradiction. We have a similar situation if |π ∩ π(K)| = 2. In fact, if r, s ∈ π(K), then as before r ∼ s in GK(G). On the other hand, if R ∈ Syl r (K) and S ∈ Syl s (K), then G = KN G (R) = KN G (S) by the Frattini argument. This shows that the normalizers N G (R) and N G (S) contain an element of order t, say x. Then, the subgroups R x and S x are abelian subgroups of G, which implies that t ∼ s and t ∼ r in GK(G). Therefore r ∼ s ∼ t ∼ r in GK(G), which leads to a contradiction as before. We finally assume |π ∩ π(K)| = 1. Let r ∈ π(K). In this case, similar arguments show that t ∼ r and s ∼ r in GK(G). Moreover, it follows that 5 ∼ s and 5 ∼ t in GK(G), since d G (5) = 5. But then 2 is adjacent to at most 3 vertices, which is impossible because d G (2) = 4. Therefore K is a π ′ -subgroup of G.
In other cases, K is a π ′ -group, for some set π ⊆ π(G). In Table 7 , we have determined the set π for each case. Let p = max π(G). Then, Lemma 2.8 in [14] , we conclude that p ∈ π(P ). In the case when q = 49, 1201 ∈ π(P ) and Lemma 2.5 (1) shows that P is isomorphic to one of the following groups: L 2 (7 4 ), B 2 (7 2 ), U 4 (7 2 ).
If P is isomorphic to L 2 (7 4 ) or B 2 (7 2 ), then 181 / ∈ π(P ). This forces 181 ∈ π(Out(P )), which is a contradiction. Therefore, P is isomorphic to U 4 (7 2 ). Using Lemma 2.5 and similar arguments as the previous case, we can verify that P is isomorphic to U 4 (q), for q = 59, 61, 67, 71, 79, 81 or 83. The result follows.
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